A straightforward two-line derivation of the Bekenstein-Hawking Area-Entropy relation in any dimension is shown based on Shannon's information theory and Clifford algebras required by the New Relativity Principle.
(dΣ) 2 = (dΩ p+1 ) 2 + Λ 2p (dx µ dx µ ) + Λ 2(p−1) (dσ µν dσ µν ) + Λ 2(p−2) (dσ µνρ dσ µνρ ) + .......
Λ is the Planck scale in D dimensions :
where G D is Newton's constant in D dimensions. Polydimensional covariance demands that such scale be the same in every dimension. We set it to unity. In D = 2 one requires to set the Newtonian constant G 2 = 1 so that 1 ∞ = 1.
X(Σ) is a Clifford-algebra valued " line " living in the Clifford manifold or C-space :
The multivector X encodes in one single stroke the hierarchy of histories, parametrized by the Cliffordvalued-norm Σ or " temporal " parameter, which plays the analogous role of the usual invariant proper time associated with the motion of a massive point particle in Einstein's Special Motion Relativity. The point history is represented by the ordinary " center of mass coordinates " x µ (Σ) coordinates and the nested hierarchy of holographic projections of the nested family of 1-loop, 2-loop, 3-loop...p-loop histories onto the embedding coordinate spacetime planes given respectively by :
The scalar Ω p+1 is the invariant proper p + 1 = D-volume associated with the motion of the ( maximal dimension ) p-loop across the D = p + 1-dim target spacetime. Its dual in D spacetime is the rank p + 1 antisymmetric rank tensor or top " differential form " σ µ1µ2.......µD . Now we are ready to provide the two-line proof. A Clifford algebra of degree D, i.e the Clifford algebra in D-dimensions has 2 D = N degrees of freedom or independent basis elements. Shannon's information entropy is given by :
where k is Boltzman constant. The D-dimensional hyper-volume ( bulk ) enclosed by a D − 1 dimensional area associated with its boundary, a hyper-sphere, is :
Solving for D in terms of the A D−1 in (5), and setting R = Λ = 1 :
From the two equations (4) and (6) the Entropy-Area relation folows immediately :
Where the D − 1-dim area of the boundary region enclosing a D-dimensional bulk must be expressed in quantum geometric bits of Planck units : discrete bits of Planck length, Planck area, Planck volume and so forth.
Therefore, the Shannon information entropy associated with a D-dim hyper-spherical bulk, enclosed by a hyper-sphere, a D − 1-dim boundary, is proportional to the size of its hyper-area, quantized in discrete Planck units, geometrical bits, times Boltzmann constant times ln [2] .
Since Shannon's information entropy is a measure of degrees of fredom, and since these are a measure of dimension, and the latter is a topological invariant, we should expect that the information entropy inside a D-dim bulk region, enclosed by a D − 1-dim boundary, should be an invariant under hyper-areapreserving diffeomorphisms that preserve the hyper-area and topology of the boundary; i.e Information is " incompressible" precisely because the Planck length seems to be the minimum distance in nature.
One of the consequences of The New Relativity Principle was that Dimensions, Energy and Information (DEI) are indistinguishable [4] at the Planck scale . In a similar way that there is a mass-energy equivalence E = mc 2 in Special Relativity we have shown that in infinite dimensions : D=E=I in this New Relativity, at the hyperpoint, an infinite-dimensional analog of a point : an infinite-dimensional hyper-spherical region of arbitrary but finite non-zero radius, for example, the Hubble radius, has a zero measure (size) due to the asymptotic properies of the Gamma functions in eq-(5).
D. Finkelstein and collaborators have been working also on a Clifford-algebraic approach to the chronon description of reality. Based on the simplicity of the Area-Entropy relation we believe that soemthing should be right about this Clifford-algebraic approaches : the holographic principle comes out for free ! and in this way we fulfill John Wheeler's visionary dream of IT from BIT.
